We study a simplified Heisenberg spin model in order to clarify the idea of decoherence in closed quantum systems. For this purpose, we define a new concept: the coherence function Ξ(t), which describes the dynamics of coherence in the whole system, and which is linked with the total coarsegrained (von Neumann) entropy of all particles. We discuss in some detail a general coherence theory and its elementary results. For example, in the particular setup, decoherence diagonalises reduced density matrices in all possible basis sets. As expected, decoherence is understood as a statistical process that is caused by the dynamics of the system, similar to entropy. Moreover, the concept of decoherence time is applicable in closed systems. However, in most cases, the decay of off-diagonal elements differs from the usual exp(−t/τ d ) behaviour. We have solved the form of decoherence time τ d in an infinite Heisenberg model with respect to density ρ, spatial dimension D and ǫ in a 1/r ǫ -type of potential.
I. INTRODUCTION
Decoherence is widely accepted as an explanation of how quantum correlations are damped out to make physical systems effectively classical, and thus it provides a satisfactory answer to the question about the fate of Schrödinger's poor cat [1] . Open quantum systems with an infinite environment have been studied in great detail [2, 3, 4, 5, 6] . While it is widely accepted that, strictly speaking, the universe has no environment [3, 4] and yet decoherence is observed in our universe [7] , decoherence studies in closed quantum systems have had little attention. Our research interests arise from the "cosmological" aspect of physical reality: how decoherence in the universe should be modelled and understood. Is it reasonable to talk about decoherence in closed systems, and is there some kind of preferred, i.e., pointer basis [3, 4, 8, 9] , that is realised by decoherence?
Closed quantum systems have previously been studied [10, 11, 12] using the frame of the many histories interpretation of quantum mechanics. This approach is, however, found to be problematic [13, 14, 15] . In this study we consider the off-diagonal elements of a reduced density matrix to avoid the problems of many histories. Another reason is that decoherence theory using reduced density matrices has not been studied in great detail, unlike the decoherent histories approach. A well established decoherence theory using reduced density matrices may clarify the concept of decoherence in closed systems. Moreover, these approaches are not equivalent [11] .
Coherence theory and conceptual problems of decoherence (especially in closed and finite systems) are interesting and wide research topics alone, but related to this study, only following elementary results are needed. Short details are presented in Section II. * Electronic address: olavi.dannenberg@helsinki.fi 1. There are two different decoherence types (similar to the different entropy types): idealistic and realistic decoherence.
• The idealistic decoherence scheme can be applied only by those observers who do not interact with the universe, and who know the wave function of the universe and its time evolution. In a closed system, there is no idealistic decoherence, since the wave function of the universe always remains pure.
• The realistic decoherence scheme is the internal view of the universe calculated from the wave function of the universe. It describes the events as the real observers that are totally correlated with the universe perceive them. To acquire this realistic viewpoint, one should make an effective theory from the wave function of the universe, e.g., to use reduced density matrices. This is often referred to as coarse-graining.
In this study, the word "decoherence" refers to the concept of realistic decoherence. Exceptions are mentioned.
2. There is a basis-vector-set-independent way to quantify coherence uniquely.
3. The possibility of recoherence does not mean that there is no decoherence. Decoherence is the decay of the off-diagonal elements of the reduced density matrix, and hence, recoherence means the growth of the off-diagonal elements of reduced density matrix. All finite quantum systems may experience recoherence.
Idealistic decoherence is often referred to with the word "decoherence", since, in open and infinite system studies both types of decoherence behave similarly. The principal difference between idealistic and realistic decoherence can be seen only in closed systems.
Using a reduced-density-matrix approach, we have studied a Heisenberg spin model in order to clarify the idea of decoherence in closed systems. We focus on single particle coherence (and entropy), and thereby calculate the time evolution of the (single particle) coherence of the system. This coarse-graining is similar to the one used in Gibbs coarse-grained entropy calculations [16, 17] . With the help of uniquely defined coherence function Ξ(t), it is easy to sketch how decoherence is advancing in the system. The main task of this research is to derive functional dependences of decoherence time on relevant parameters of the closed system (particle number N , density ρ, potential and dimension D of the system), i.e., to determine how the decoherence time depends on these system variables, and why. The behaviour of decoherence is calculated for 1/r ǫ potentials in all dimensions D. The results are interesting: the usual decay behaviour exp(−t/τ d ) occurs only in special cases, generally the infinite model decay follows exp (−(t/τ d ) D/ǫ ). We also point out the connection between coherence function Ξ(t) and von Neumann entropy S(t). Moreover, within the model the concept of pointer basis is considered and found too loose, because the diagonalisation of reduced density matrices occurs in all possible basis sets.
This paper consists of six main sections. First, we review a relevant part of coherence theory in Section II. The model is introduced in Section III. In Section IV we present theoretically the dynamics of a simple initial state, and apply a coherence function Ξ(t) as the measure of the realistic coherence of the whole system. Infinite model results are presented in Section V, and Section VI explains a few elementary results of our model and coherence theory. Section VII is for discussion.
II. INTRODUCTION TO GENERAL COHERENCE THEORY
Let ρ be a density matrix of a closed system in the basis set A = {|α i }, i = 1..N . The basis vectors span N -dimensional Hilbert space H. The equivalent description about the (closed) system can be given with an arbitrary basis set B = {|β i } if the basis set spans the same Hilbert space H. The quantum dynamics of the system does not depend on the chosen basis vectors.
Let us now consider quantum correlations (coherence) in a basis set, say A. The word "quantum coherence" refers to the off-diagonal elements of the density matrix ρ, but the height and location of off-diagonal elements (and diagonal elements) depend on the chosen basis set. Therefore, the "pointer basis" has been invented: it is the basis set in which the quantum dynamics diagonalises the (reduced) density matrix [3, 9] . If one wants to describe the whole closed quantum system without using tricks to make it effectively open one cannot use the pointer basis since unitary dynamics does not diagonalise the (irreduced) density matrix in any basis.
However, the question "How much coherence is in a given density matrix of a particular closed system?" is a relevant question, and the answer should not depend on the chosen basis set. In a closed system, the quantity called "coherence" of the total density matrix ρ should be a conserved quantity because of the previous reasoning. According to the Noether's principle [18] , the "conservation law of coherence" is a result of a particular symmetry of the system. The best candidate for that symmetry is invariance of the density matrix under the change of the basis vector set. If one wishes to define "coherence", the definition should obey these constraints. We define coherence Ξ of the density matrix ρ by
where N is the dimension of the density matrix ρ. Substraction of the term 1/N is due to the normalisation that sets the minimum coherence to zero. The value of Ξ ranges between 0 (no coherence) and 1 (maximum coherence). One can easily check that the result is independent of the chosen basis set.
The connection between coherence and entropy will be more understandable, when one notices that the von Neumann (statistical) entropy S = −Trρ ln ρ obeys the same principle. For more than a century, there has been continuous debate over the entropy and universe (closed system). Here we will give only a brief introduction to the problem. A more interested reader is encouraged to study the vast literature covering the issue, starting e.g. from [16, 17, 20, 21, 22, 23, 24] and references therein. The entropy of a closed (quantum) system is a constant of motion (S id = −Trρ ln ρ). Then, if one divides the closed system to arbitrary subsystems and calculates the sum of the subsystem entropies (S re = i −Trρ i ln ρ i , where i refers to the particular subsystem), one notices that the entropy S re is no longer a constant of motion. The reason for this is that dividing the whole system into arbitrary subsystems and then summing these subsystems is one kind of coarse-graining. In fact, it is the Gibbsian coarsegraining [16, 17] .
The problems of entropy and coarse-graining are related by the quantity I = S re − S id , which is called mutual information [25] . Mutual information expresses the amount of correlations between the (arbitrarily chosen) subsystems. Now, there are two fundamentally different entropies that describe the same dynamics, so there should be two fundamentally different quantum coherences (Ξ id and Ξ re ) to describe the same quantum dynamics. Let us call Ξ id (S id ) idealistic coherence (entropy) and Ξ re (S re ) realistic coherence (entropy). These denotes reflect the fact that they are different descriptions of the same dynamics. The idealistic standpoint needs an accurate and precise "guess" about the wave function (or the density matrix) of the whole closed system (universe), in which everything, including measurements, measurement apparatuses and even observers are treated quantum mechanically. Measurements are ex-pressed as interactions between measurement apparatuses and measured systems and so on. Clearly this is possible only for an idealistic observer, say, a Clever Chinchilla. She does not interact with the universe (closed system), and after having guessed right the wave function and its time evolution, studies the example only as an academic example in her brain (or with a pen and paper) without ever interacting with the universe. The realistic standpoint describes what the real observers inside the universe observe. These observers are totally correlated with the universe and can only in their wildest imagination reach the Clever Chinchilla's view of the universe -as we do in this article, when we refer to Ξ id or S id .
The fundamental logical difference between idealistic and realistic standpoints is similar to Gödel's incompleteness theorem: one cannot describe the system completely if one is inside the system [27] . One should be careful when making statements such as "Because Ξ id = 1, S id = 0 and there is unitary quantum dynamics, there cannot be decoherence in a closed system". The meaning of the sentence depends on the definition of word "decoherence". Here, we define it to refer to the decay of Ξ re . The reason for this is that while the universe is a closed quantum system with unitary quantum dynamics, the effect of decoherence has been observed [7] . If one refers to observable phenomena in a closed system, one should use Ξ re . There is, however, one problem without a proper answer: how to make coarse-graining correctly -how to divide a closed system into subsystems. In this study, we coarse-grain to the smallest level of individual particles. The more detailed analysis of coherence theory and problems related to defining decoherence will be published elsewhere [29] .
III. THE MODEL
We have chosen the Heisenberg spin model because it is simple enough to solve, and yet complicated enough to simulate properties of real quantum systems. Coupled spin systems are interesting from a quantum computational point of view, too. Our system, N interacting particles fixed in space, has no environment and, in that sense, the system forms a closed quantum universe. The particles are spin-1 2 particles, and the interaction between them is due to their spin z-component (analogous to the Ising model). When there is no coupling with the environment (i.e., no outer environment), the two spin states have the same energy, which is taken to be zero. Zurek [9] and Omnès [30] have considered a similar, but simpler model in order to show that off-diagonal elements (i.e., quantum correlations) will decay in time. They labeled one particle as the system, and the others as the environment [31] ; but, we study the particle system as a whole.
The interaction Hamiltonian,
describes the dynamics of the system. The interaction matrix G, where g ij = g ji , gives the interaction strength between particles i and j. The interaction strength arises from the potential V ; but, for formal calculations there is no need to know more about it, because particles are doomed to stay in one place. Fixing the positions of the particles is a justified assumption in decoherence studies since, in most cases, the decoherence time scale is the shortest time scale [3] , at least shorter than the time scale of particle motion.
IV. THEORETICAL CALCULATIONS
Let us now consider only the simplest case in order to present our method, namely initially a product state of superposition states
where a's and b's are normalised probability amplitudes
gives the dynamics of the system, and with the given initial condition of equation (3) one gets the time dependence
The fate of the l th particle is solved by tracing over other particles, i.e., degrees of freedom,
where ρ = |Ψ(t) Ψ(t)|. This is a crucial step. With Gibbsian coarse-graining [16, 17] we make an effective theory of our particle system by tracing over the "uninteresting" particles (that form an effective environment to the particular particle of our interest), as in the mean field approximation. The net effect of traced-out particles is described in a simpler form and with lesser degrees of freedom.
We thus have
It is interesting that the result of equation (7) is the same as in Ref. [9] , if one drops the index l away. In Ref. [9] only an interactionless environment has been considered, but our model counts all the interactions between particles. The result of equation (7) is obvious: one particle of the system will be a victim of decoherence. In fact, all particles separately will be victims of decoherence. Other particles act as an environment for the particle of interest, and the coherence of this particular particle is dumped (i.e., displaced) temporarily into its "environment". Now the interesting question concerns the decoherence of the whole particle system, as opposed to the decoherence of the particles separately. The answer can be reasoned out in the following way: let us first make our notation a bit lighter by denoting
This z l (or its complex conjugate z * l ) describes the fate of the off-diagonal elements of l th particle. Obviously, coarse-grained and normalised sum of all single particle coherences is Ξ re = N −1 N l=1 Ξ l,single , and inserting z l (t) into the definition of Eq. (1) results in
where N is the number of particles and M the dimension of the reduced density matrix.
V. INFINITE MODEL
The model can also be expanded to an infinite model. Basically this is done by setting N → ∞ and then converting the sum with an integral
This procedure, however, will change the fundamental physics, i.e., coherence will decrease and entropy will increase monotonically. Infinite systems will not experience Poincaré recurrences. We also assume "the cosmological principle" holding true in the infinite model, i.e., the universe is homogenic and isotropic. Therefore, z l (t) = z m (t) = z inf (t) for all l and m. Assuming
and g k = η/r ǫ k we get from Eq. (9) Ξ inf (t) = 2|z inf (t)| = | will result in
where
Let us forget for a while the pathological-looking integral I(D, ǫ) of equation (12) (it is not so pathological in physically relevant cases) and concentrate on the underlying physics of the coherence decay equation (11) of Ξ inf (t). The usual coherence decay in infinite systems has the form of exp (−t/τ d ), which defines the decoherence time τ d [3, 4] . In our case, the usual decay form happens iff D = ǫ. For e.g. gravity and electromagnetic interactions, ǫ = 1, and thus only one-dimensional space would result in the usual decay pattern. While the other decay forms than the usual one seem to be possible, the decay profile used in defining decoherence time should be TABLE I: Decoherence times of various interactions in different dimensions. Notes: A, m = m6 Li , B, m = mp and long range potential will result in "−∞" in the integral (also in C), D, m = mp and e = ep, E, the element used here is 6 Li, and its magnetic moment is γ = 1.1625637 in units of nuclear magneton. We have used t < 0.9T coh . gravitation electro-magnetic spin-spin 
The divergencies in the integral I(D, ǫ) occur when
, there is no loss of coherence, and if t D/ǫ I(D, ǫ) → −∞ then all coherence has been displaced so that there are no quantum correlations left. Now, let us assume that there is a distance R, so that R < r, i.e., particles cannot be arbitrarily close to other particles. The assumption is reasonable since we examine spin-1/2 particles whose spacing in space is limited by the Pauli exclusion principle. This reasoning results in the condition of t <
. The first divergence occurs when n = 0 (viewed from infinity).
The time scale T coh = πR ǫ 4η can be interpreted as the time scale when virtually all quantum correlations have been damped out. It would be the longest time scale in the coherent evolution of closed and infinite systems. All decoherence times are τ d < T coh . Thus, we have two conditions in calculating integrals I(D, ǫ): first, the lower limit in distance is R; second, t < T coh . In this region, there are no singularities in the integral I(D, ǫ) and it can be evaluated properly. The proper R would be the average distance between particles, because we have assumed the cosmological principle and uniform density. The easiest way to continue is to discretise the problem a bit and assume that, after all, the uniform density consists of uniformly distributed particles. One particle takes the volume
D , and thus the distance between two nearest particles is R = 2R 1 = 2
In table I we present some results of the infinite model for various physically interesting scenarios. Still, there are a few "infinities" left because of the long range potential behaviour in high enough dimensions. However, as analysed above, in these cases also the condition τ d < T coh is fulfilled, and all T coh time scales are finite. The premise of τ d = 0 leads to the conclusion T coh = 0 since, if τ d = 0, then, at the moment t = 0 the system coherence would have decayed to zero. Clearly, this is not the case because, in Table I all coherence loss time scales T coh are greater than zero. Thus, in these systems the decoherence time scales should also be greater than zero. These two time scales obey (in calculable cases) the relation that the decoherence time scale is approximately one magnitude smaller than the coherence loss time scale. Thus, via T coh it is possible to get an estimate about the decoherence time in such infinite model cases where the decoherence time scale cannot be directly calculated. However, these problematic infinities are results of the assumption of an infinite model. In finite models they do not exist.
VI. A FEW ELEMENTARY RESULTS

A. Entropy and coherence
Let us now concentrate on the relation between von Neumann entropy S(ρ) = −Trρ ln ρ and (de)coherence in our closed and infinite system. Clearly, for the density matrix of the whole closed system ρ id , von Neumann entropy S(t) id = const. and also coherence Ξ(t) id = const. are constants of motion. The coarse-grained von Neumann entropy is S(t) re = − i,l λ i,l ln λ i,l , where
are the eigenvalues of the reduced density matrix ρ l . As we consider the case
Following the assumptions of Sect. V, we end up to normalised coarse-grained entropy
2 |z inf (t)|. As we recall from Eq. (9) and Eq. (10), |z inf (t)| = 
B. About interactions and decoherence in different basis sets
Let us study decoherence of the presented well-defined closed and infinite model in different basis set. The study sofar has considered the problem only in σ z -basis, but, the perfect superposition state in σ z -basis is a welldefined eigenstate of σ x -basis (spin up). The physical intuition states that the results of nature should not depend on which way they are described, but, as theoretical studies of many histories interpretation have shown, decoherence effects in decoherent histories approach are dependent on the chosen set of histories [13, 14] which lead to contradictory propositions [15] . Thus, we should do a reality-check and study what happens to density matrix in, e.g., σ x -basis.
The initial state of Eq. (3), with
It is a product state of eigenstates with probability of 1. This initial step of analysis illustrates problems of decoherent histories approach: how would a pure state with probability of 1 experience decoherence? One can always find a basis set in which a superposition state appearing in another basis set is an eigenstate. Moreover, how void are expressions like "decoherence is a dynamical phenomenon that diagonalises reduced density matrix in the pointer basis" [3, 4] ? Is pointer basis something mystical whose presence could be seen only after decoherence has happened, or is there any way to predict the "correct" pointer basis? One should remember that decoherence is a dynamical process, and thus interaction Hamiltonian is as important part of the problem as the initial state. In the present case, the Hamiltonian of Eq. (2) is in σ x -basis:
and while now z l (t) = z *
, =l cos 2g lk t we get
(18) The form of the reduced density matrix for general z l is
Recall the reduced density matrix of Eq. (7) in σ z -basis. Reduced density matrices of an infinite model thus are
One notices immediately that decoherence diagonalises both reduced density matrices. The second interesting fact is that the diagonal elements of reduced density matrix ρ red,inf,x in σ x -basis are the eigenvalues of the reduced density matrix. Clearly, coherence Ξ(t) re and entropy S(t) re are independent of the chosen basis vector set of reduced density matrix. One sees that studying off-diagonal elements of reduced density matrix avoids the problems of basis-set-dependent decoherence effects of decoherent histories approach. However, the concept of pointer basis becomes interesting, especially when one studies the presented problem in general arbitrary spinbasis. The unitary transformation is given by matrix
The resulting reduced density matrix is
Also in the general case, decoherence causes z(t), z * (t) → 0, and thus diagonalisation of reduced density matrix happens in all possible basis sets. Which one of them is the pointer basis?
VII. DISCUSSION
There have been arguments that while decoherence in closed systems is practically a working concept, closed systems do not, in principle, experience decoherence. A famous argument against decoherence in closed systems is from Bell [30, 32] . Bell's argument is mainly that if the universe starts in a pure state, it will always remain in a pure state, no matter how quickly the off-diagonal elements of the reduced density matrix decrease and how small they will become. He claims that this gives in principle a possibility to make such a measurement that will show quantum interference. However, there is not even in principle such a measurement device that can perform the measurement in the universe. We demonstrated this with the Clever Chinchilla, who is an supernatural-like observer outside the universe (closed system). She can guess right the wave function of the universe and the interaction Hamiltonian and then calculates the time evolution of the universe. In quantum measurements, one often mixes the view of the Clever Chinchilla and the Real Observer who studies readings of measurement apparatus inside the universe. The Clever Chinchilla is not correlated with and our Real Observer is totally correlated with the universe and thus their views about a particular quantum event may differ. The Real Observer can never achieve the Clever Chinchilla's knowledge about the universe. He has no means to solve by measurements what is the whole wave function of the universe. He only observes projections (possibly very complicated ones) of the wave function of the universe. For a detailed discussion about Bell's argument, one is encouraged to study references [30, 32] .
However, universe is a closed system and decoherence is an observed phenomenon in our universe. Thus, (de)coherence should be uniquely quantifiable. In this paper, we present a unique way to quantify coherence and show its connection to statistical von Neumann entropy. The growth of entropy has the same dynamical origin as decoherence. In conclusion, they both are equally correct descriptions, also in closed systems. And if we are interested in how the Real Observer inside the universe perceives the universe, we should use realistic coherence and entropy, which are effective theory descriptions about the knowledge of the Clever Chinchilla. Thus, the use of reduced density matrices is justified. Decoherence seems to work also in principle in closed quantum systems, and consistency problems can be avoided by studying decoherence from reduced density matrices instead of decoherent histories.
We solved the time evolution of (realistic) coherence in the closed and infinite spin-model and noticed that the decay profile of coherence does not necessarily follow the common exponential decay. We also concluded that the concept of pointer basis is quite loose since the diagonalisation of reduced density matrices occurs in all possible basis sets. It suggests that in "real" quantum experiments and measurements, observed noise or "measurement errors" in behaviour of highly quantum correlated systems may be results of weak, unmodelled interaction that causes decoherence. Increased understanding on this topic may lead to better modelled quantum measurements, better measurement technology and technical solutions which may help to keep coherent systems as coherent as possible in the real universe.
